Abstract. Generalizing the classical work of Atiyah and Hirzebruch on nonalgebraic classes, recently Quick proved the existence of torsion non-algebraic elements in the Brown-Peterson tower. We construct non-torsion non-algebraic elements in the Brown-Peterson tower for the prime number 2.
Introduction
Let X be a smooth complex algebraic variety. We denote the space of complex points of X with the analytic topology by X(C). The Chow group CH i X, the group generated by finite linear combinations of closed subvarieties of X of codimension i modulo rational equivalence, is a fundamental object to study in algebraic geometry. The cycle map from the Chow group CH i X to the singular cohomology H 2i (X(C); Z) is also very important. We call an element in the cohomology of X(C) algebraic if it is in the image of the cycle map. One of the most outstanding open problems concerning the cycle map is the Hodge conjecture. The Hodge conjecture asserts that for a projective smooth complex algebraic variety X, the cycle map
CH
i X ⊗ Q → {Hodge classes in H 2i (X(C); Q)} is surjective. In [Tot97] , Totaro defined the Chow group CH i BG of the classifying space of a complex linear algebraic group G by approximating it by quasi-projective smooth complex algebraic varieties and studied the cycle map cl : CH i BG → H 2i (BG; Z).
Let p be a prime number and (Z/p) 3 the elementary abelian p-group of rank 3. In retrospect, in [AH62] In the case m = 0, the motivic truncated Brown-Peterson cohomology BP 0 * , * M (X) is nothing but the motivic cohomology H * , * M (X; Z (p) ), the Chow group localized at p, say CH i X (p) , is the motivic cohomology H 2i,i (X; Z (p) ) and the cycle map
is the classical cycle map. Recently, in [Qui16] , for each prime number p and positive integer m, Quick proved the existence of a projective smooth complex algebraic variety X and a non-algebraic element in BP m * (X(C)), that is an element not in the image of the cycle map cl : BP m One might wonder the existence of non-torsion examples. Counterexamples for the integral Hodge conjecture modulo torsion were obtained by Kollár. Kollár's examples are explained, for example, in [SV05] . In [CTS10] , Colliot-Thélène and Szamuely used the topological approach of Atiyah and Hirzebruch to give counterexamples for the integral Tate conjecture over finite fields and asked the existence of counterexamples for the integral Tate conjecture modulo torsion where Kollár's approach does not work. In [PY15] , counterexamples for the integral Hodge and Tate conjectures modulo torsion through the topological approach were given by Pirutka and Yagita using exceptional groups G 2 , F 4 , E 8 which contain elementary abelian p-subgroups (Z/p) 3 for p = 2, 3, 5, respectively. In [Kam15] , the author replaced the exceptional groups by G 1 = (SL p × SL p )/µ p for all prime numbers p, where SL p is the special linear group over the complex numbers and µ p is the center of SL p and µ p acts on SL p × SL p diagonally.
In this paper, we construct non-torsion non-algebraic elements in the BrownPeterson tower for p = 2 and for all positive integers m by replacing the elementary abelian p-group (Z/p) m+3 by
the central quotient of product of special linear groups SL p where µ p is the cyclic group of order p and it acts on SL p m+2 diagonally. We use the mod p cohomology of the classifying space of G n to compute the Atiyah-Hirzebruch spectral sequence converging to the truncated Brown-Peterson cohomology BP m * (BG n ). It is easy to compute the mod p cohomology of G n for p = 2 but it is not easy for odd prime numbers p. Hence our result is limited to the case p = 2 although it is plausible that the similar results hold for all prime numbers p. Theorem 1.1. Suppose that p = 2. For each non-negative integer m, there exists a non-torsion element u in the integral cohomology of BG m+1 such that the element u lifts up to BP m * (BG m+1 ) but not to BP m + 1 * (BG m+1 ).
To state our result, Corollary 1.3, obtained from Theorem 1.1, let G m be the multiplicative group of the non-zero complex numbers. For a reductive complex linear algebraic group G, we may approximate the classifying space B(G m × G) by projective smooth complex algebraic varieties. That is, for each positive integer k, there exists a projective smooth complex algebraic variety X and a morphism of algebraic varieties that induces a continuous map f :
is an isomorphism for i < k. For the approximation of the above classifying space by projective smooth complex algebraic varieties, we refer the reader to Pirutka and Yagita [PY15] and Antieau [Ant16] for the detail. For the motivic BrownPeterson cohomology BP m
M (X), we refer the reader to Quick [Qui16] for the detail. With these preparations, we have Corollary 1.3 on the existence of nontorsion non-algebraic classes of projective smooth complex algebraic varieties from Theorem 1.1. But, before we state Corollary 1.3, we show that, rationally, all cohomology classes obtained from the classifying space of a complex linear algebraic group are algebraic. Proposition 1.2. Let G be a complex linear algebraic group. Let X be a projective smooth complex algebraic variety. Suppose that f : X(C) → BG is the map induced by a morphism of complex algebraic varieties from X to BG and v ′ ∈ BP m 2i (BG). Then, there exists a nonzero integer α such that αf * (v ′ ) is algebraic in the sense that αf * (v ′ ) is in the image of the cycle map
Proof. First, we recall that
is an isomorphism [Yag05, Proposition 9.1] and
is surjective for the complex general linear group GL ℓ . Therefore, Chern classes in BP m * (BG) of complex representations of G are algebraic. Next, we recall that the rational cohomology H * (BG; Q) is generated by Chern classes of complex representations of G [Lan72, Proof of Theorem 1]. The rational cohomology of BG is a polynomial algebra generated by even degree elements y 1 , . . . , y n . The AtiyahHirzebruch spectral sequence for BP m * (BG) ⊗ Q collapses at the E 2 -level and
We may assume y 1 , . . . , y n are Chern classes of complex representations of G, so that y 1 , . . . , y n are elements in BP m * (BG) and they are algebraic. Let 
we may choose a common multiplier α ′′ of α IJ of such (I, J). Let us define the element v ′′ in BP m 2i (BG) by
′′ is algebraic and
On the other hand, since X(C) has the homotopy type of a finite complex, the kernel of
is torsion and there exists a nonzero integer α ′ such that
So, putting α = α ′ α ′′ , we have that
and it is algebraic. Now, we state and prove Corollary 1.3 on the existence of non-torsion, nonalgebraic classes assuming Theorem 1.1. Corollary 1.3. Suppose that p = 2. For each non-negative integer m, there exists a projective smooth complex algebraic variety X and an element v in BP m * (X) such that
(1) v is non-algebraic, that is, not in the image of the cycle map
(2) there exists a nonzero integer α such that the scalar multiple αv of v is algebraic, and
where 2i = deg v.
Proof. Let G m+1 be the algebraic group G m+1 in Theorem 1.1 and u ∈ H 2i (BG m+1 ; Z (p) ) be the element u in Theorem 1.1. For the sake of notational simplicity, let
By the Künneth theorem, we have
In the Atiyah-Hirzebruch spectral sequence for BP m * (BG),
In the Atiyah-Hirzebruch spectral sequence for BP m + 1 * (BG), for some r,
Choose a projective smooth complex algebraic variety X and a morphism from X to BG, so that
is an isomorphism for k ≤ 2i + r, where f : X(C) → BG is the map induced by the morphism of algebraic varieties. Then, in the Atiyah-Hirzebruch spectral sequence for BP m + 1 * (X(C)),
Therefore, f * (1 ⊗ u) is a non-torsion class and f
. So, the element v satisfies the condition (3). By Proposition 1.2, the element v satisfies the condition (2). As for the condition (1), we consider the following commutative diagram:
The image of the composition of ρ m 0 and the cycle map cl : BP m
is a subset of the image of the cycle map cl :
However, Totaro proved that the image of the cycle map is in the image of ρ 0 . Thus, since f * (1 ⊗ u) does not lift up to BP m + 1 2i (X(C)), the element v is not in the image of the cycle map and it satisfies the condition (1).
The Brown-Peterson cohomology plays an interesting role in both algebraic geometry and algebraic topology, especially in conjunction with the study of the cycle map. In [Tot97] , Totaro showed that the cycle map cl :
. He also conjectured that the cycle map
is an isomorphism for a complex linear algebraic group G when the Brown-Peterson cohomology of BG has no nonzero odd degree elements. The Brown-Peterson cohomology had been studied in algebraic topology long before Totaro's work. It is also conjectured in [KY93] that the Brown-Peterson cohomology of the classifying space of a compact Lie group has no nonzero odd degree element. This conjecture also remains as an open problem and it is a precursor of Totaro's conjecture. Note that the maximal compact subgroup of a reductive complex linear algebraic group is a compact Lie group and they are homotopy equivalent to each other. So, the truncated Brown-Peterson cohomology theories of classifying spaces of these groups are the same to each other. In particular, G n 's maximal compact subgroup is SU (p) n+1 /µ p , where SU (p) is the special unitary group. In this paper, through the computation of the Atiyah-Hirzebruch spectral sequence, we give a new family of compact Lie groups SU (2) n+1 /µ 2 for which the Brown-Peterson cohomology of the classifying space has no nonzero odd degree element. This paper is organized as follows: In Section 2, we compute the mod 2 cohomology of BG n and the action of the Milnor operations. In Section 3, we define a homomorphism φ r and prove Lemmas 3.2 and 3.3. We need the homomorphism φ r to state our main result. We use these lemmas in Sections 4 and 5. In Section 4, we write down the Atiyah-Hirzebruch spectral sequence for BP m * (BG n ) as Propositions 4.1 and 4.2. In Section 5, we prove the results stated in Section 4.
The mod 2 cohomology ring
In this section, we compute the mod 2 cohomology ring of BG n and the action of the Milnor operations on it.
First, we compute the mod 2 cohomology of BG n for n ≥ 1. We consider the projection π obtained by removing the (n + 1)-th factor, that is,
It induces a fibre sequence
It is clear that G 0 , BG 0 are homotopy equivalent to SO(3), BSO(3), respectively. Therefore, we have
where x 2 is the generator of H 2 (BSO(3); Z/2), x 3 = Q 0 x 2 and Q 0 is the mod 2 Bockstein homomorphism. Let us recall the mod 2 cohomology of BSL 2 . The mod 2 cohomology of BSL 2 is a polynomial algebra generated by the single generator c 2 of degree 4. The Leray-Serre spectral sequence associated with the above fibre sequence has the E 2 -term isomorphic to
The E 2 -term is generated by 1 ⊗ c 2 as an algebra over E * ,0
2 . So, in order to prove that the spectral sequence collapses at the E 2 -level, it suffices to show that 1 ⊗ c 2 is a permanent cycle. For dimensional reasons, d r (1 ⊗ c 2 ) = 0 except for r = 5 and d r (1 ⊗ c 2 ) ∈ E 5,0 5 . Let us consider the map σ :
Then, π • σ is the identity map. Hence, all elements in E * ,0 2 are permanent cycles. Therefore, we have d 5 (1 ⊗ c 2 ) = 0 and so 1 ⊗ c 2 is also a permanent cycle. So, the spectral sequence collapses at the E 2 -level and we have
as an algebra over H * (BG n−1 ; Z/2). In particular, for n = 1, we have
for some x 4 . We make the choice of x 4 in due course. Inductively, we have
for some degree 4 elements x 41 , . . . , x 4n . For i = 1, . . . , n, let π i : G n → G 1 be the map induced by the projection of SL 2 n+1 to SL 2 2 given by
Then, we have the following proposition.
Proposition 2.1. The mod 2 cohomology of BG n is a polynomial algebra over
where deg x 2 = 2, deg x 3 = 3, deg x 4i = 4. The generator x 4i is π * i (x 4 ). Next, we consider the subgroup (Z/2) n+2 of G n . Let us consider elements
be the diagonal map, that is, ∆(m) = (m, . . . , m). The subgroup µ 2 of the center of SL 2 n+1 is the subgroup generated by ∆(ξ) = (ξ, . . . , ξ). For i = 0, . . . , n, let us write
for the inclusion map into the i-th factor such that
where m i = m, m j = I for j = i. Let
be the obvious projection. Then, the elements
generate a subgroup isomorphic to the elementary abelian 2-group of rank n + 2. We denote it by (Z/2) n+2 and we denote the inclusion map of (Z/2) n+2 into G n by
Now, we recall some facts on the induced homomorphism
We denote by s 1 , s 2 , t generators of H 1 (B(Z/2) 3 ; Z/2) corresponding to the genera-
. As above, let x 2 be the generator of
respectively. The image of ι * 1 is generated by the above two elements and t 4 + (s 
is injective.
Finally, we close this section by determining the action of Milnor operations on x 3 , x 4 . It plays an important role in the computation of the differentials of the Atiyah-Hirzebruch spectral sequence for BP m * (BG n ), n ≥ 2. Let us denote by Q j the Milnor operation of degree 2 j+1 − 1.
such that
Proof. For the sake of notational simplicity, by abuse of notation, we denote ι * 1 (x i ) by x i . By direct calculation, we have
x 3 x 4 . We define α 10 = 0, α 20 = x 2 2 , α 21 = 1 and the proposition holds for i = 1, 2.
It is clear that O j acts as a derivation on both H * (BG 1 ; Z/2) and H * (B(Z/2) 3 ; Z/2) and
. It is also easy to verify that
Since O j is a derivation, we have
Therefore, we have
We prove the proposition by induction on j. Assume that j ≥ 3 and the proposition holds for j − 1 and j − 2. Then, we have Hence, we have
for 0 ≤ k < j − 2 as desired.
Lemmas
2 , x 3 , x 41 , . . . , x 4n ] and we regard M n as a subalgebra of the mod 2 cohomology ring of BG n in Proposition 2.1. It is closed under the action of Milnor operations Q j . In this section, we define a homomorphism φ r : M n → M n . We use this φ r in the statement of our main result, Proposition 4.2. Then, we prove Lemmas 3.2 and 3.3 on this homomorphism φ r . We use Lemma 3.2 in the proof of Theorem 1.4 in Section 4 and Lemma 3.3 in the proof of Proposition 4.2 in Section 5, respectively. We do not use Lemmas 3.2 and 3.3 elsewhere.
We set up some notations. For a ring R and a finite set {y}, we write R{y} for the free R-module with the basis {y}. Let
For a finite set I = {i 1 , . . . , i ℓ } of positive integers such that 1 ≤ i 1 < · · · < i ℓ ≤ n, we write x I for x 4i1 · · · x 4i ℓ and ℓ(I) for ℓ ≥ 1. It is clear that M n is a free L nmodule with the basis {1, x I }. Let us denote by M n,i the submodule spanned by {x I | ℓ(I) = i} for i ≥ 1. We write M n,0 for L n {1} ⊂ M n . For j ≥ 2, we define derivations ∂ i by
where the coefficients α jk are those in Proposition 2.3. From this definition, it is clear that
where x ∈ M n,i+r−1 . The following proposition is immediate from the definition of φ r and the fact that
Proposition 3.1. Suppose that ℓ(I) − r + 1 + s is even and s ≥ 0. Then, we have
. Now, we state and prove Lemma 3.2. We use Lemma 3.2 in Section 4 in the proof of Theorem 1.4. Lemma 3.2. Let us define the polynomial e k (t 1 , . . . , t k ) by
Then, in M n , for a finite set I = {i 1 , . . . , i ℓ } of positive integers such that 1 ≤ i 1 < · · · < i ℓ ≤ n, we have
Proof. Immediately from the definition of ∂ j , we have ∂ j1 ∂ j2 (x 4i ) = 0. Let S ℓ be the set of permutations of {1, . . . , ℓ}. Let ∂ 1 (x 4i ) = x 4i . Then, we have
as desired. Similarly, we have
We end this section by stating and proving Lemma 3.3. We use Lemma 3.3 in the computation of E 2 r+2 -term in Section 5. , where ℓ(J) = ℓ + 1. Moreover, if s ≥ 1, there exists y ∈ M n , which is a linear combination of φ r (x J x s−1
3 ), such that Q r+1 (y) = x. For J = {j 1 , . . . , j r } such that 2 ≤ j 1 < · · · < j r , we denote ∂ j1 · · · ∂ jr by ∂ J . By Proposition 3.1, Lemma 3.3 immediately follows from Proposition 3.4 below. Lemma 3.3 is the case J = {2, . . . , r + 1} in Proposition 3.4.
Proposition 3.4. Suppose that J = {j 1 , . . . , j r }, 2 ≤ j 1 < · · · < j r and that i ≥ 1. Then, the homomorphism
Proof. We prove the proposition by induction on n. First, we deal with the case n = 1. Suppose that x ∈ M 1,1 . Then, x = αx 41 for some α ∈ L 1 . Since
M 1,i = {0} for i ≥ 2. So, the proposition for n = 1 is obvious.
Next, we assume that n ≥ 2. Suppose that i ≥ 1 and
where f k,ℓ ∈ M n−1 . We assume for now that there exists an element
4n + · · · ) = 0 Now, we complete the proof of the proposition by showing the existence of g k such that ∂ J (g k ) = f k,k . If k is odd, or if k is even and i ≥ 2, then for j ∈ J, the coefficient of
It is in M n−1,i if k is even and in M n−1,i−1 if k is odd. So, if k is even or i ≥ 2, by the inductive hypothesis, there exists g k such that ∂ J (g k ) = f k,k . If k is odd and i = 1, then the coefficient of x
For j ∈ {j 2 , . . . , j r }, the coefficient of x
Since f k,k+2 j 1 −1 −1 is in M n−1,1 , by the inductive hypothesis, there exists g k such that ∂ j2 · · · ∂ jr (g k ) = f k,k+2 j 1 −1 −1 . So, we have ∂ J (g k ) = f k,k . This completes the proof.
The Atiyah-Hirzebruch spectral sequence
In this section, we describe the Atiyah-Hirzebruch spectral sequence for
for m ≥ 0 and n ≥ 1. We begin with notation. Suppose that y ranges over a finite subset {y} of an Rmodule M . Let R ′ be a subring of R. Then, we denote by R ′ y the R ′ -submodule of M generated by {y}. If I ⊂ R ′ is an annihilator ideal of {y}, then we write (R ′ /I) y for R ′ y . If it is a free (R ′ /I)-module, then we write (R ′ /I){y} or (R ′ /I) y for it. If {y} is the empty set, then we put (R ′ /I){y} = (R ′ /I) y = {0}. Now, we compute the integral cohomology BP 0 * (BG n ) = H * (BG n ; Z (2) ). We computed the mod 2 cohomology ring of BG n in Section 2 and we obtained
we have 
We regard C as a subring of D. We write D r for D/(v 0 , . . . , v r ). We may decompose D to C{1} ⊕ D 0 {x 2 3 }. As in Section 3, for a finite set I = {i 1 , . . . , i ℓ } of positive integers i 1 , i 2 , . . . , i ℓ such that 1 ≤ i 1 < · · · < i ℓ ≤ n, we write x I for the monomial
and ℓ(I) for the integer ℓ ≥ 1. The number of such sets I is 2 n − 1 and the set {x I } is a finite set consisting of 2 n − 1 elements. Let y 0 range over {x I }, that is, {y 0 } = {x I }. The E 2 -term of the Atiyah-Hirzebruch spectral sequence for BP m * (BG n ) is isomorphic to 
So, we have 
By abuse of notation, we denote an element in D{1, y 0 } representing φ r (x I ) in D 0 {1, y 0 } by the same symbol φ r (x I ). We also assume that e r , y r , z r range over the following finite sets {φ r (x I ) | ℓ(I) − r + 1 = 0}, {φ r (x I ) | ℓ(I) − r + 1 > 0 and ℓ(I) − r + 1 is even}, {φ r (x I ) | ℓ(I) − r + 1 > 0 and ℓ(I) − r + 1 is odd}, respectively. We state our main result as follows:
Proposition 4.2. Suppose r ≥ 1. Let k = min{m, n + 1}. For r ≤ k, the E 2 r+1 -term of the Atiyah-Hirzebruch spectral sequence is where s ranges over {0, . . . , r − 1} and t ranges over {2, . . . , r}. Moreover, the spectral sequence collapses at the E 2 k+1 -level, that is, E ∞ = E 2 k+1 . Example 4.3. We compute the Brown-Peterson cohomology of BG 1 . The case n = 1, m ≥ 2:
So, x 41 lifts up to BP 0 * (BG 1 ) that corresponds to the E 2 -term above and it does not lift to BP 1 * (BG 1 ) that corresponds to the E 4 -term above.
Example 4.4. We compute the Brown-Peterson cohomology of BG 2 . The case n = 2, m ≥ 3: * (BG 2 ) that corresponds to the E 4 -term above does not lift up to BP 2 * (BG 2 ) that corresponds to the E 8 -term above.
We end this section by proving Theorems 1.1 and 1.4. These are immediate from Proposition 4.2.
Proof of Theorem 1.1. Given m, let n = m + 1. Then, the Atiyah-Hirzebruch spectral sequence for BP m * (BG m+1 ) collapses at the E 2 m+1 -level and However, by definition, {z r } = ∅ if r ≥ n+1. By Lemma 3.2, {z r } contains non-zero element φ r (x 41 · · · x 4r ) for r ≤ n. Hence, D r x 3 z r = {0} if and only if r ≥ n + 1. If m ≤ n, the spectral sequence collapses at the E 2 m+1 -level and it contains non-zero odd degree elements. If m ≥ n + 1, then E 2 n+2 -term has no non-zero odd degree element. So, the spectral sequence collapses at the E 2 n+2 -level and the E ∞ -term also does not have any non-zero odd degree element.
Proof of Proposition 4.2
To prove Proposition 4.2, we need to study non-trivial differentials in the spectral sequence. To this end, we prove Lemmas 5.1 and 5.2 before the proof of Proposition 4.2.
We use the following Lemma 5.1 to show that the differential d u is trivial for 2 r ≤ u ≤ 2 r+1 − 2.
Lemma 5.1. The following statements (1), (2) and (3) hold:
Suppose that x ∈ C 1, y r , v s y s and v 2 x = · · · = v r x = 0. Then, we have
Proof. Statement (1) is clear from the fact that D * ,−u+1 r = {0} for 2 ≤ u < 2 r+2 −1. Statement (2) is immediate from the fact that C y r , v s y s is a C-submodule of the free C-module C{y 0 }. In order to prove statement (3), we consider obvious projection π 
where x 1 is the generator of H 1 (BZ/2; Z/2). So, by the Künneth formula, we have Lemma 5.2 below.
Lemma 5.2. The first nontrivial differential of the Atiyah-Hirzebruch spectral sequence for K(r + 1)
where E * , * 2
is the E 2 -term of the AtiyahHirzebruch spectral sequence for the Morava K-theory K(r + 1)
We use Lemma 5.2 to determine the differential d 2 r+2 −1 . Now, we prove Proposition 4.2.
Proof of Proposition 4.2. We prove Proposition 4.2 by induction on r ≥ 1. For r = 1, by Proposition 4.1, the proposition holds. Assume that u ≥ 2 r+1 and * ,−u+1 = {0}. Since E odd, * is generated by E odd,0 as a BP m * -module, we have d u (E odd, * ) = {0}. Thus, d u is trivial for 2 r+1 ≤ u ≤ 2 r+2 − 2. Next, we compute d 2 r+2 −1 for r ≤ k − 1. We consider homomorphisms We denote the induced homomorphisms among the Atiyah-Hirzebruch spectral sequences by the same symbols. Note that deg v r+2 = −2 r+3 + 2. Then, the induced homomorphism ρ m r+1 between Atiyah-Hirzebruch spectral sequences for BP m * (BG n ) and BP r + 1 * (BG n ) is an isomorphism on E * ,w 2 r+2 −1 for −2 r+3 + 2 < w. A nonzero element in D r x 2 3 y r , x 3 z r of the E 2 r+2 −1 -term of the AtiyahHirzebruch spectral sequence for BP r + 1 * (BG n ) is of the form By Lemma 5.2, the first non-trivial differential in the Atiyah-Hirzebruch spectral sequence for the Morava K-theory K(r + 1) * (B(Z/2) n+2 ) is Case 2. The case k = n + 1. In this case, as in the proof of Theorem 1.4, since {z k } = ∅, the E 2 k+1 -term has no odd degree generators. Therefore, the spectral sequence collapses at the E 2 k+1 -level.
